Abstract: For each k ≥ 2, we exhibit infinite families of prime k-component links with Jones polynomial equal to that of the k-component unlink.
Introduction.
The startling discovery by V.F.R. Jones some 17 years ago of a polynomial invariant of links arising from von Neumann algebras [J] opened an entirely new vista in 3-dimensional topology.
The Jones polynomial and its generalizations have been used to settle century-old conjectures in knot theory [K, M, T, MT] , and have led to new connections between topology and physics [W] .
Despite these advances, it cannot yet be said that the Jones polynomial is well-understood in terms of intrinsic topological properties of links; for example, at this writing it is unknown whether there exists a non-trivial knot indistinguishable by the Jones polynomial from the unknot.
In this article we produce a strong affirmative answer to the analogous question for links, in that we exhibit infinite families of prime k-component links with Jones polynomials equal to those of the corresponding unlinks, for all k ≥ 2 .
We have not found any non-trivial links with trivial Homfly or Kauffman 2-variable polynomials;
however, in §4 below we give an infinite sequence of prime 2-component links which neither the Jones nor the Alexander polynomial can distinguish from the unlink.
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Fig. 1: The diagram H(T , U )
The links in these families are all satellites of the Hopf link, and all conform to the pattern Fig. 1 , formed by clasping together the numerators of tangles T , U . Our method is based on a transformation H(T , U ) → H (T , U) ω , whereby the tangles T , U are cut 1 out and reglued by certain specific homeomorphisms of the tangle boundaries. Like mutation, the transformation ω preserves the Kauffman bracket polynomial; however, it is more effective in generating examples, as a trivial link can be transformed to a prime link, and repeated application yields an infinite sequence of inequivalent links.
H(T , U) illustrated in
Throughout this paper we shall work with the Kauffman bracket version of the Jones polynomial.
We 
Fig. 2: Examples of tangles
Historically, the symbol −T denotes the reflection of T in the projection plane, and n denotes a twist of n crossings proceeding from west to east, where the twist is right-handed if n > 0 and left-handed if n < 0 (some authors use the opposite convention.) We note that the "integer" tangle −n is indeed an additive inverse of the tangle n , in that their tangle sum is 0 = ; however, it is false in general that −T is an additive inverse of T . We shall denote by T ρ the reflection of T in a NW-SE axis, and by T · U the tangle sum
n ∈ Z , n ≠ 0 the tangle n ρ is denoted 1/n , and 0 ρ = is denoted ∞ . Regarding iterated "products", we follow the standard convention that T · U · V is to be interpreted as
Some examples are illustrated in Fig. 2 .
Given a tangle T , we shall denote by T N , T D the numerator and denominator closures of T , and by T + U the tangle sum of T , U . We shall also have occasion to consider the "vertical sum" Imafuji [OI] which was an essential tool for our investigations, and K. Stephenson's circle packing software Circlepack [S] , whose underlying engine was used for generating the pictures of links.
Elementary algebraic and geometric properties of H(T , U) .
Our immediate task is to derive a formula for the bracket polynomial of the link diagram H (T , U) depicted in Fig. 1 . We shall present two methods of obtaining such a formula. Our first approach is to apply the 2-strand parallel bracket expansion formula given in [KL] , Proposition 5 on p. 33. In
, where K 2 is the 2-strand parallel of K ; also, the symbol denotes . From Proposition 5(i) of [KL] we immediately obtain the following "switching formula":
We apply this formula to either of the two "2-strand parallel" crossings of the clasp of H (T , U) .
Switching this generalized crossing yields a diagram regularly isotopic to a split union of the numerators of T , U ; therefore its bracket polynomial is δ T N U N . Each of the last four diagrams in the switching formula is regularly isotopic to a connected sum of the denominators of T , U ; therefore these terms cancel out.
The diagram corresponding to the term is regularly isotopic to the numerator of the tangle sum T + U , modified by the insertion of the 2-strand parallel of a positive kink in the two strands issuing from the western (or eastern) ends of T ; we therefore have, by means of a simple bracket calculation:
Similarly, we have
After collecting terms, the switching formula yields
Following ideas developed in [R2] , we now introduce a formalism which will be useful in the next section, and which yields an alternative formula for H (T , U ) . (T ) as the column vector f (T ) g (T ) .
The identities of the next proposition can be confirmed merely by verifying that they hold for the generators 0 , ∞ , and then applying linearity.
Proposition 2.2.
(ii) (T ) , and
Returning to H(T , U ) , we observe that if we take (T , U) = (0 , 0) , we obtain the 2-strand parallel of the standard diagram of the Hopf link. The bracket polynomial of this diagram, namely 
and let H denote the matrix
From the bracket expansion formula, we immediately have the following alternative formula for the bracket polynomial of H(T , U ) :
or, in matrix notation,
The equivalence of the two formulae for H (T , U ) may be demonstrated by means of Proposition 2.2.
We turn now to geometric properties of the link In order to discuss tangles satisfactorily in geometric terms, it is necessary to consider a tangle as a pair (B , T ) , where B is a 3-ball and T is a proper 1-submanifold of B meeting the boundary of B in four points. When viewing a diagram of a tangle, it is understood that B is a Euclidean 3-ball whose boundary meets the projection plane in an "equatorial" circle circumscribing the tangle diagram, and that T itself lies in the projection plane except for small vertical perturbations near
is the union of two parallel line segments in the projection plane, for example the zero tangle. The final proposition of this section deals with the issue of connected sums, and will be useful for constructing prime links with prescribed polynomials.
Definition. A tangle T is primary if it meets the hypotheses of Propositions 2.3 and 2.4, namely if
T is not separated by a 2-sphere in its ambient 3-ball, T does not admit an NS-separating disk, and T has no connected summand. The proof for the case where L is composite is very similar, except that we need to choose the arcs α , β carefully in order to fulfill the condition that T should have no connected summand.
Specifically, we first choose a diagram of L where all the connected summands are arranged in a chain, in the manner of Fig. 4 (i) (to achieve this configuration it might be necessary to "feed" one connected summand through another, as explained in [F] .) We then take α , β to be arcs at the two extremities of the chain, as indicated. This action will "purge" all connected summands from T .
Infinite sequences of links with common bracket polynomial.
In this section we describe a general way of generating infinite sequences of links with common bracket and Jones polynomials.
Definition. Given a tangle T , T ω denotes the tangle (T + 2) · 1 · 2 , and T ω denotes the tangle
T T
Fig.5: The tangles T ω , T ω
Using the operation * introduced in §1, we may also write T ω = ((T + 2) * 1) + 2 , and
We may consider ω as a self-homeomorphism of the (3-ball, tangle) pair (B , T ) , mapping its boundary by a self-homeomorphism of (∂B , ∂B ∩ T ) that interchanges the SW and SE endpoints of T .
It may easily be verified that T ωω is equivalent to T via an isotopy fixing the endpoints of T . This corresponds to the fact that the homeomorphisms of (∂B , ∂B ∩ T ) induced by ω , ω represent inverse elements of the mapping class group of (∂B , ∂B ∩ T ) .
We note the following elementary properties of the operator ω :
(i) any given orientation of T N extends to an orientation of (T ω ) N , whence signs of crossings within T N are preserved when transforming to (T ω ) N ;
(ii) the sum of the signs of the five additional crossings in (T ω ) N is always +1 .
In (ii) we are taking into account the fact that an orientation of the numerator of a tangle T forces one of the NW, NE ends of T to be directed inwards, and the other outwards.
Of course, the operator ω enjoys the same properties, except that the sum of the signs of the five additional crossings is always −1 .
We now determine the effect that the operations ω , ω have on the bracket vector of a tangle. (T ) ,
From Proposition 2.2(ii) we have
In the present context it is natural to introduce the 2 × 2 matrix
We then have Proposition 3.1. (T ) .
Definition. Given tangles T , U , H(T , U ) ω denotes the diagram H(T ω , U ω ) .
Theorem 3.2. Let T , U be any tangles. Then the bracket polynomials of H(T , U ) , H(T , U)
ω are equal.
Proof. This follows from Proposition 3.1 and the easily verifiable identity
where H is the matrix in the formula H(T , U) = br (T ) t · H · br (U) of Proposition 2.1'.
The writhe of H(T , U) ω might differ from that of H (T , U ) , as application of ω interchanges two tangle ends, and can therefore affect the signs of the eight "clasp" crossings in the pattern H (T , U ) where the two numerators meet. However, a double application of ω preserves tangle ends, and in view of properties (i), (ii) of ω stated above we have the following additional result: 
By iterating the transformation H(T , U ) → H(T , U )
ω , from given tangles T , U we can construct an infinite sequence of links, such that alternate links in the sequence have the same Jones polynomial (all diagrams in the sequence have the same bracket polynomial.)
Let T be a primary tangle. Then either T is a rational tangle, or T has no separating disk. In the former case, the sequence T , T ω , T ω 2 , . . . contains at most one instance of a tangle admitting an NS-separating disk, whereas in the latter case no tangle in the sequence can admit such a disk, as the existence of a separating disk is a topological property.
We are now ready to state and prove our main results. From the discussion immediately before this theorem, at most one tangle in the sequence T , T ω application of ω 2 to ∞ + 2 yields the sequence of rational tangles
Since these rational tangles are all primary, by Proposition 2.3 at most one of the links Λ i (i ≥ 1) can fail to be prime; since the numerators of these tangles are pairwise distinct 2-bridged knots, there must be infinitely many link types amongst the Λ i .
If L is the unknot, we choose T = ∞ − 2 , U = ∞ + 2 , and construct the sequence Λ i as before.
The situation here is simpler, as In the next section we describe examples of this construction.
Sequences of links with trivial polynomials. (i) The family of 2-component links LL 2 (n)
Our first example is the sequence generated by the pair T = ∞ − 2 , U = −T = ∞ + 2 . This sequence featured in the part of the proof of Theorem 3.3 concerned with the unknot. We use the subscript 2 in its identifier as it was the second such sequence to be discovered.
is a diagram of the unlink of two components with writhe 0 ; therefore repeated application of the operator ω to the tangle T yields a sequence of rational tangles 
T T T
T · (1/2) · (−1) T − 2
Fig. 7
A single application of ω to T m,n and ω to ∞ + 2 leads to the following family.
It is easily checked that the transformation from H (T m,n The following is easily verified. 2. The links with trivial polynomial described here are all effectively classifiable, as their sublinks are all alternating, and the way in which they sit inside the regular neighborhood of the companion Hopf link is evident. It is perhaps ironic that the Jones polynomial, whose discovery played a fundamental rôle in the proof of the Tait conjectures [K, M, MT] , fails completely to distinguish these links directly.
There are a few isolated duplications within the families, for instance LL 1 (m + 1, −1) = LL 1 (m, −2) and LL 1 (0, −1) = LL 2 (0) . 
